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A Paley- Wiener theorem 
for reductive symmetric spaces 

By E. P. VAN DEN Ban and H. Schlichtkrull 
Abstract 

Let X = G/H be a reductive symmetric space and K a maximal compact 
subgroup of G. The image under the Fourier transform of the space of X-finite 
compactly supported smooth functions on X is characterized. 
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1. Introduction 

One of the central theorems of harmonic analysis on R is the Paley- Wiener 
theorem which characterizes the class of functions on C which are Fourier 
transforms of C°°-functions on R with compact support (also called the Paley- 
Wiener- Schwartz theorem; see [18, p. 249]). We consider the analogous ques- 
tion for the Fourier transform of a reductive symmetric space X = G/H, that 
is, G is a real reductive Lie group of Harish-Chandra's class and H is an open 
subgroup of the group G"^ of fixed points for an involution a of G. 

The paper is a continuation of [4] and [6], in which we have shown that 
the Fourier transform is injective on G^{X), and established an inversion 
formula for the K-iimte functions in this space, with K a cr-stable maximal 
compact subgroup of G. A conjectural image of the space of K-Hnite functions 



880 



E. P. VAN DEN BAN AND H. SCHLICHTKRULL 



in C^{X) was described in [4, Rem. 21.8], and will be confirmed in the present 
paper (the conjecture was aheady confirmed for symmetric spaces of spht rank 
one in [4]). 

If G/H is a Ricmannian symmetric space (cquivalcntly, if H is compact), 
there is a well established theory of harmonic analysis (see [17]), and the Paley- 
Wiener theorem that we obtain generahzes a well known theorem of Helgason 
and Gangolli ([15]; see also [17, Thm. IV,7.1]). Furthermore, the reductive 
group G is a symmetric space in its own right, for the left times right action 
of G X G. Also in this 'case of the group' there is an established theory of 
harmonic analysis, and our theorem generalizes the theorem of Arthur [1] (and 
Campoli [11] for groups of split rank one). 

The Fourier transform that we are dealing with is defined for functions 
in the space C^{X: r) of r-spherical C^-functions on X. Here r is a finite 
dimensional representation of K, and a r-spherical function on X is a function 
that has values in the representation space Vr and satisfies f{kx) = T{k)f{x) 
for all X G X, A; € K. This space is a convenient tool for the study of -finite 
(scalar) functions on X. Related to r and the (minimal) principal scries for X, 
there is a family E°(iIj: A) of normalized Eisenstein integrals on X (cf. [2], [3]). 
These are (normalized) generalizations of the elementary spherical functions 
for Riemannian symmetric spaces, as well as of Harish-Chandra's Eisenstein 
integrals associated with a minimal parabolic subgroup of a semisimplc Lie 
group. The Eisenstein integral is a r-spherical smooth function on X. It 
is linear in the parameter tp, which belongs to a finite dimensional Hilbert 
space °C, and meromorphic in A, which belongs to the complex linear dual o*c 
of a maximal abelian subspace aq of p H q. Here p is the orthocomplement of t 
in g, and q is the orthocomplement of () in g, where q, £ and [) are the Lie algebras 
of G, K and H. The Fourier transform Tf of a function / G G'^{X: r) is 
essentially defined by integration of / against E° (see (2.1)), and is a °C-valued 
meromorphic function of A G 0*^. The fact that J-f{\) is meromorphic in A, 
rather than holomorphic, represents a major complication not present in the 
mentioned special cases. 

The Paley- Wiener theorem (Thm. 3.6) asserts that maps G'^{X: r) 
onto the Paley- Wiener space PW(X: r) (Def. 3.4), which is a space of mero- 
morphic functions 0*^ °C characterized by an exponential growth condition 
and so-called Arthur- Campoli relations, which are conditions coming from re- 
lations of a particular type among the Eisenstein integrals. These relations 
generalize the relations used in [11] and [1]. Among the relations are conditions 
for transformation under the Weyl group (Lemma 3.10). In the Riemannian 
case, no other relations are needed, but this is not so in general. 

The proof is based on the inversion formula / = T!Ff of [6], through 
which a function / G C^{X: r) is determined from its Fourier transform by 
an operator T. The same operator can be applied to an arbitrary function ip in 
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the Paley- Wiener space PW{X: r). The resulting function Tip on X, called a 
pseudo wave packet, is then shown to have (p as its Fourier transform. A priori, 
Tip is defined and smooth on a certain dense open subset Xj^ of X, and the 
main difficulty in the proof is to show that it admits a smooth extension to X 
(Thm. 4.4). In fact, as was shown already in [6], if a smooth extension of Tip 
exists, then this extension has compact support and is mapped onto ip by T. 

The proof that Tip extends smoothly relies on the residue calculus of [5] 
and on results of [7]. By means of the residue calculus we write the pseudo 
wave packet Tip in the form 

FcA 

(see eq. (8.3)) in which A is a set of simple roots for the root system of Oq, and in 
which the individiial terms for -F 7^ are defined by means of residue operators. 
The term Tjiip is the wave packet given by integration over a* of p against the 
normalized Eisenstein integral. The smooth extension of Tip is established by 
showing that each term Tpip extends smoothly. The latter fact is obtained 
by identification of Tpip with a wave packet formed by generalized Eisenstein 
integrals. The generalized Eisenstein integrals we use were introduced in [6]; 
they are smooth functions on X. It is shown in [9] that they are matrix 
coefficients of nonminimal principal series representations and that they agree 
with the generalized Eisenstein integrals of [12]. However, these facts play 
no role here. It is for the identification of Tpip as a wave packet that the 
Arthur-Campoli relations are needed when F ^ %. An important step is to 
show that Arthur-Campoli relations for lower dimensional symmetric spaces, 
related to certain parabolic subgroups in G, can be induced up to Arthur- 
Campoli relations for X (Thm. 6.2). For this step we use a result from [7]. 

As mentioned, our Palcy- Wiener theorem generalizes that of Arthur [1] for 
the group case. Arthur also uses residue calculus in the spirit of [19], but apart 
from that our approach differs in a number of ways, the following two being 
the most significant. Firstly, Arthur relies on Harish-Chandra's Plancherel 
theorem for the group, whereas we do not need the analogous theorem for X, 
which has been established by Delorme [14] and the authors [8], [9]. Secondly, 
Arthur's result involves unnormalized Eisenstein integrals, whereas our involves 
normalized ones. This facilitates comparison between the Eisenstein integrals 
related to X and those related to lower rank symmetric spaces coming from 
parabolic subgroups. For similar comparison of the unnormalized Eisenstein 
integrals, Arthur relies on a lifting principle of Casselman, the proof of which 
has not been published. In [7] we have established a normalized version of 
Casselman's principle which plays a crucial role in the present work. One can 
show, using [16, Lemma 2, p. 156], [1, Lemma 1.5.1] and [13], that our Paley- 
Wiener theorem, specialized to the group case, implies Arthur's. In fact, it 
implies a slightly stronger result, since here only Arthur-Campoli relations for 
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real-valued parameters A are needed, whereas the Paley- Wiener theorem of [1] 
requires also the relations at the complex-valued A. 

The Paley- Wiener space FW{X : r) is defined in Section 3 (Definition 3.4), 
and the proof outlined above that it equals the Fourier image of C^{X: r) 
takes up the following Sections 4-8. A priori the given definition of PW{X : r) 
does not match that of [4], but it is shown in the final Sections 9, 10 that the 
two spaces are equal. 

The main result of this paper was found and announced in the fall of 1995 
when both authors were visitors of the Mittag-Lcfflcr Institute in Djursholm, 
Sweden. We are grateful to the organizers of the program and the staff of the 
institute for providing us with this opportunity, and to Mogens Flensted- Jensen 
for helpful discussions during that period. 



We use the same notation and basic assumptions as in [4, §§2, 3, 5, 6], 
and [6, §2]. Only the most essential notions will be recalled, and we refer to 
the mentioned locations for unexplained notation. 

We denote by S the root system of aq in q, where Oq is a maximal abelian 
subspace of pflq, as mentioned in the introduction. Each positive system S"*" for 
S determines a parabolic subgroup P = MiN, where Mi is the centralizer of aq 
in G and N is the exponential of n, the sum of the positive root spaces. In what 
follows we assume that such a positive system E+ has been fixed. Moreover, 
notation with reference to E"*" or P, as given in [4] and [6], is supposed to refer 
to this fixed choice, if nothing else is mentioned. For example, we write Oq for 
the corresponding positive open Weyl chamber in aq, denoted a+(P) in [4], and 

for its exponential A^{P) in G. We write P = MAN for the Langlands 
decomposition of P. 

Throughout the paper we fix a finite dimensional unitary representation 
(r, Vt) of K, and we denote by °C = °C{t) the finite dimensional space defined 
by [4, eq. (5.1)]. The Eisenstein integral E(V': A) = E{P: i/j : X) : X ^ Vr is 
defined as in [4, eq. (5.4)], and the normalized Eisenstein integral E°{'tp: A) = 
E°{P: -0: A) is defined as in [4, p. 283]. Both Eisenstein integrals belong to 
C^{X: t) and depend linearly on ^ G °C and meromorphically on A G aq^. 
For X e X we denote the linear map °C 3 ^ E°{il}: \: x) G Vr hy E°{\: x), 
and we define E*{\: x) G Hom(l^,°C) to be the adjoint of £'°(— A: x) (see [6, 
eq. (2.3)]). The Fourier transform that we investigate maps / G C^{X: r) to 
the meromorphic function J^f on a*c given by 



2. Notation 



(2.1) 




The open dense set X^ C X is given by 

X+ = [Jy,ewKA+wH; 
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see [6, eq. (2.1)]. It naturally arises in connection with the study of asymptotic 
expansions of the Eisenstein integrals; see [6, p. 32, 33]. As a result of this 
theory, the normalized Eisenstein integral is decomposed as a finite sum 

(2.2) E°{X: x) =J2 ^+A^- E+^s{>^: x) = E+{sX: x)oC°{s: X) 

sew 

for X G all ingredients being meromorphic in A € a'^^. The partial Eisen- 
stein integral E^{X: x) is a Hom(°C, y7-)-valued function in x € X+, given by 
a converging series expansion, and C°{s: A) G End(°C) is the (normahzed) 
c- function associated with r. In general, x i— >■ £^_|-(A: x) is singular along 
X \ . The c-function also appears in the following transformation law for 
the action of the Weyl group 

(2.3) E*{sX: x) = C°{s: X)oE*{X: x) 

for all s eW and x & X (see [6, eq. (2.11)]), from which it follows that 

(2.4) J^fisX) = C°is:X)oTf{X). 

The structure of the singular set for the meromorphic functions E°{ - : x) 
and £'+( ■ : x) on a*(- plays a crucial role. To describe it, we recall from [7, §10], 
that a S-configuration in a^^ is a locally finite collection of affine hyperplanes 
H of the form 

(2.5) H = {X\{X,aH) = SH} 

where an £ S and sh G C Furthermore, we recall from [7, §11], that if H is 
a S-configuration in 0*^ and d a map H ^ N, we define for each bounded set 
Li> C o*c a polynomial function ir^i^d on a*c by 

(2.6) WA)= n {{\cxH)-SHf^"\ 

where an, sh are as above. The linear space A^(aqc, H, d) is defined to be the 
space of meromorphic functions ip: a*c C, for which tt^jAH^ is holomorphic 
on a; for all bounded open sets uj C 0*^, and the linear space A^(aqc,7i) is 
defined by taking the union of >l(a*c, d) over d G N^. If Ti, is real, that is, 
Sif G R for all H, we write A^(a*, H, d) and A^(a*, H) in place of A1(a*c, H, d) 
and >l(oqc,H). 

Lemma 2.1. There exists a real T,- configuration Ti such that the mero- 
morphic functions E° { ■ : x) and E-^-^si' '■ x') belong to A^(a*, 7Y) (8'Hom(°C, T^) 
for allx e X, x' e X+, s e W, and such that C°{s: ■ ) & Al(a*, 7i) End(°C) 
for all s G W. 

Proof. The statement for E°(- : x) is proved in [6, Prop. 3.1], and the 
statement for -B+,i( ■ : x) = E-^{ • : x) is proved in [6, Lemma 3.3]. The state- 
ment about C°{s: •) follows from [3, eqs. (68), (57)], by the argument given 
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below the proof of Lemma 3.2 in [6]. The statement for E^^si ■ '■ x) in general 
then follows from its definition in (2.2). □ 

Let H = 'H{X,t) denote the collection of the singular hyperplanes for all 
X 1-^ E*{X: x), X & X (this is a real E-configuration, by the preceding lemma). 
Moreover, for H £ Ti let d{H) = dx.riH) be the least integer I > for which 
A ^ i{X,aH) - SHyE*{X: x) is regular along H \ U{H' e H \ H' H}, for 
ah X ex. Then E*{- : x) £ A^(o*, H, d) ® Hom(K, °C) and d is minimal with 
this property. It follows that J^feM{a\,H,d)®°C for ah / G C~(X: r). 

There is more to say about these singular sets. For i? G K we define 

(2.7) o*(P, R) = {Xe o*c I Va G S+ : Re(A, a) < R} 

and denote by o*(P, R) the closure of this set. Then it also follows from 
[6, Prop. 3.1 and Lemma 3.3], that E*{ - : x) and £'+(• : x) both have the 
property that for each R only finitely many singular hyperplanes meet a*(P, R). 
In particular, the set of affine hypcrplanes 

(2.8) no = {H <EH{X,T)\Hr\al{P,^)^^, 

is finite. Let vr be the real polynomial function on a*c given by 

(2.9) 7r(A)= n ((A,aff)-s^^)'^--W 

where and sh are chosen as in (2.5). The polynomial tt coincides, up to a 
constant nonzero factor, with the polynomial denoted by the same symbol in 
[4, cq. (8.1)], and in [6, p. 34]. It has the property that there exists e > such 
that A 7r(A)£^*(A: x) is holomorphic on a*(P, e) for all x £ X. 

3. The Paley- Wiener space. Main theorem 

We define the Paley-Wiener space PW(X : r) for the pair (X, r) and state 
the main theorem, that the Fourier transform maps C^{X : r) onto this space. 

First we set up the condition that reflects relations among Eisenstein 
integrals. In [11] and [1] similar relations are used in the definition of the 
Paley-Wiener space. However, as we are dealing with functions that are in 
general meromorphic rather than holomorphic, our relations have to be spec- 
ified somewhat differently. This is done by means of Laurent functionals, a 
concept introduced in [7, Def. 10.8], to which we refer (see also the review in 
[8, §4]). In [4, Def. 21.6], the required relations are formulated differently; we 
compare the definitions in Lemma 10.4 below. 

Definition 3.1. We call a S-Laurent functional £ G A1(a*c, S)*^^^, (8) °C* 
an Arthur- Campoli functional if it annihilates E*{- : x)v for all x £ X and 
V e Vr- The set of all Arthur-Campoli functionals is denoted AC{X : r), and 
the subset of the Arthur-Campoli functionals with support in a* is denoted 
ACr(X: t). 
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It will be shown below in Lemma 3.8 that the elements of AC{X : r) are 
natural objects, from the point of view of characterizing J^{C^{X: r)). 

Let 7^ be a real E-configuration in a*c, and let d G N^. By V{a'^, H, d) we 
denote the linear space of functions (p G Al(0q,7i,cZ) with polynomial decay in 
the imaginary directions, that is 

(3.1) sup (l + |A|)"Kd(AMA)| <oo 

for all compact w C a* and all n G N. The space 7^(0* , H, d) is given a Prechet 
topology by means of the seminorms in (3.1). The union of these spaces over 
all d: H — >^ N, equipped with the limit topology, is denoted P(Oq,H). 

Definition 3.2. Let V. = 'H{X,r) and d = dx,T- We define 

Vac{X: T) = {ipEV{a*^,n,d)(l^X\Cip = 0,yC€ACM{X: r)}, 
and equip this subspace of P(a*,7^,ci) °C with the inherited topology. 

Lemma 3.3. The space Vac{X: t) is a Prechet space. 

Proof. Indeed, Vac{X: t) is a closed subspace of V{a*^,H,d) ® °C, since 
Laurent functionals are continuous on P(Oq,H, d) (cf. [5, Lemma 1.11]). □ 

In Definition 3.2 it is required that the elements of VAci^ : t) belong 
to P(Oq,H, d) (8) °C where H = H{X,t) and d = dx,T are specifically given 
in terms of the singularities of the Eisenstein integrals. It will be shown in 
Lemma 3.11 below that this requirement is unnecessarily strong (however, it 
is convenient for the definition of the topology). 

Definition 3.4. The Paley- Wiener space PW(X : r) is defined as the space 
of functions (p G Vac {X : r) for which there exists a constant M > such that 

(3.2) sup (l + |A|)"e-^l^'^^l||7r(A)^(A)|| <oo 

A6a*(P,0) 

for all n G N. The subspace of functions that satisfy (3.2) for all n and a fixed 
M > is denoted PWm{X: t). The space PWm{X: t) is given the relative 
topology of Vac{X : r), or equivalently, of 7^(0*, d) where n = H{X, r) 
and d = dx,T- Finally, the Paley- Wiener space PW{X : r) is given the limit 
topology of the union 

(3.3) PW(X : r) = Um>o PWm (X-.t). 

The functions in PW(X: r) are called Paley- Wiener functions. By the 
definition just given they are the functions in A^(a*, 7i, d) ® °C for which the 
estimates (3.1) and (3.2) hold, and which are annihilated by all Arthur-Campoli 
functionals with real support. 
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Remark 3.5. It will be verified later that PWm{X : r) is a closed subspace 
of Vac{X: t) (see Remark 4.2). Hence PWm(-'^: t) is a Prechet space, and 
PW(X: r) a strict LF-spacc (sec [20, p. 291]). Notice that the Paley- Wiener 
space PW(X: r) is not given the relative topology of Vac{^'- t)- However, 
the inclusion map PW{X: r) Vac{X '■ t) is continuous. 

We are now able to state the Paley- Wiener theorem for the pair {X, r). 

Theorem 3.6. The Fourier transform !F is a topological linear isomor- 
phism ofC]^{X: r) onto PWm(-'^: t), for each M > 0, and it is a topological 
linear isomorphism ofC^{X: r) onto the Paley-Wiener space PW(X: r). 

Here we recall from [6, p. 36], that Cf^{X : r) is the subspace of C°°{X : r) 
consisting of those functions that are supported on the compact set K exp BmH, 
where Bm C aq is the closed ball of radius M, centered at 0. The space 
C^(X: r) is equipped with its standard Frechet topology, which is the rela- 
tive topology of C°°(X: r). Then 



and C^{X: r) carries the limit topology of this union. 

The final statement in the theorem is an obvious consequence of the first, 
in view of (3.3) and (3.4). The proof of the first statement will be given in the 
course of the next 5 sections (Theorems 4.4, 4.5, proof in Section 8). It relies 
on several results from [6], which are elaborated in the following two sections. 
At present, we note the following: 

Lemma 3.7. The Fourier transform T maps C'^{X : r) continuously and 
injectively into PWm(-^: t) for each M > 0. 

Proof. The injectivity of is one of the main results in [4, Thm. 15.1]. 

It follows from [6, Lemma 4.4], that maps C'^{X : r) continuously into the 
space ^^(a* , 7i, d) °C, where 7i = 'H{X, r) and d = dx,T, and that (3.2) holds 
for (p = Tf € TiC'^iX: r)). Finally, it follows from Lemma 3.8 below that 
T maps into Vaq,(X : t). □ 



Lemma 3.8. Let C € X(a*c, S)i*^^^ ® °C*. Then C G AC(X: r) if and 
only ifCTf = for all f G C^{X: r). 

Proof Recall that J^/ is defined by (2.1) for / G C^(X: r). We claim 



(3.4) 



C^{X: t) = Um>oC[ 



{X:t) 



that 



(3.5) 




that is, the application of C can be taken inside the integral. 
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The function X \—>- E*{X: x) on a^^ belongs to M{a'^,H,d) °C for each 
X e X, where Ti. = n{X,T) and d = dx,T- The space M{a^,T-L,d) °C is a 
complete locally convex space, when equipped with the initial topology with 
respect to the family of maps cp i— > TTuj^dV i^^^o 0{uj), and x E*{ - : x) is 
continuous (see [3, Lemma 14]). The integrals in (2.1) and (3.5) may be seen 
as integrals with values in this space. Since Laurent functionals are continuous, 
(3.5) is justified. 

Assume now that C G AC(X: r) and let / G C~(X: r). Then 
CE*{ - : x)f{x) = for each x G X, and the vanishing of CTf follows im- 
mediately from (3.5). 

Conversely, assume that C annihilates J^f for all / G C'^{X: r). Prom 
(3.5) and [4, Lemma 7.1], it follows easily that C annihilates E*{ - : a)v for 
V G y/^'n-HHM ^ ^ A+(Q), with Q G arbitrary. Let v eVr. Since 

E*{\: kah) = E*(X: a) oT{k)^^ for /c G K, a G and /i G -ff, it is seen that 
E*{X: kah)v = E*{X: a)P(r(/c)^^f ) where P denotes the orthogonal projec- 
tion Vr F^^n/fnM jjence £ annihilates E*{- : x)v for all x E X+, v eV. 
By continuity and density the same conclusion holds for all x £ X. □ 

Remark 3.9. In Definition 3.2 we used only Arthur-Campoli functionals 

with real support. Let VxciX : t)~ denote the space obtained in that definition 
with ACk(-^: t) replaced by AC(X: r), and let PW(X: r)~ denote the space 
obtained in Definition 3.4 with Vac{X : r) replaced by VxciX : r)~. Then 
clearly 7'ac(^: r)~ C :Pac(^: t) and PW{X : r)~ C PW(X: r). However, 
it follows from Lemma 3.8 that T{C^{X: r)) C PW(X: r)~, and hence as a 
consequence of Theorem 3.6 we will have 

PW(X: r)~ = PW(X: r). 

In general, the Arthur-Campoli functionals are not explicitly described. 

Some relations of a more explicit nature can be pointed out: these are the 
relations (2.4) that express transformations under the Wcyl group. In the 
following lemma it is shown that these relations are of Arthur-Campoli type, 
which explains why they are not mentioned separately in the definition of the 
Paley- Wiener space. 

Lemma 3.10. Let ip G Vac(.X : r). Then ip{sX) = C°{s: X)ip{X) for all 
s eW and X G a*c generic. 

Proof. The relation (/?(sA) = C°{s: X)if(X) is meromorphic in A, so it 
suffices to verify it for A G o*. Let H = 'H{X,t). Fix s and A G o* such 
that C°(s : A) is nonsingular at A, and such that A and sX do not belong to any 
of the hyperplanes from TL. Let ip ^ °C and consider the linear form : (p i— 
{ip{sX) - C°ls: A)v?(A)|V') on M(a*, W) ® °C. It follows from [7, Remark 10.6], 
that for each u G a*c there exists a S-Laurent functional which, when applied 
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to the functions that are regular at v, yields the evaluation in v. Obviously, the 
support of such a functional is {i^}. Hence there exists C G M.{a'^c, '^)is.^r'^°^* 
with support {A,sA} such that dp = C^ip for all if G M.{a*^,7{) °C. It 
follows from (2.3) and Definition 3.1 that C G ACir(-^: t). The lemma follows 
immediately. □ 

Lemma 3.11. Let TC be a real 'E- configuration in a*c and let (p G 'P(aq,H) 
°C. Assume C(p = for all C G ACr{X : r). Then G Pac{X : r). 

Proof. Let d G N'^ be such that (p e 'P{al,n,d) ^ °C. We may assume 
that n D n{X, r) and that d >z dx,T (that is, d{H) > dx,r{H) for all H £n), 
where dx,T is trivially extended to 7i. Let H ^Tihe arbitrary and let / be the 
least nonnegative integer for which A i— > {{X^uh) — SHfp{X) is regular along 
iJreg ■= H\ \J{H' eH \ H' ^ H}. Then I < d{H), and the statement of the 
lemma amounts to / < dx^riH)- 

Assume that I > dx^riH)] we will show that this leads to a contradiction. 
Let d' G N''^ be the element such that d'{H) = I and which equals d on all other 
hyperplanes in H. Then p G P(o*, H, d')®°C and d' y dx,T- Let Aq G ilregHa*. 
It follows from [7, Lemmas 10.4, 10.5], that there exists £ G A^(aqc, 5^)i*aur ^^^^ 
that C(j) is the evaluation in Aq of ((A, an) — s_f/)V(^) for all (/) G A^(a*, Ti, d'). 
Obviously, supp>C = {Aq} C a*. Since I > dx,T{H), the functional C ® rj 
annihilates A^(aq, H, dx,r)®°C for ah rj G °C* and hence belongs to ACr(X : r). 
Then it also annihilates p, that is, the function ((A, ajj) — snYpiX) vanishes 
at Aq, which was arbitrary in .ffreg ^1 Oq. By meromorphic continuation this 
function vanishes everywhere. This contradicts the definition of L □ 



4. Pseudo wave packets 

In the Fourier inversion formula TJT/ = / the pseudo wave packet TTf 
is defined by 

(4.1) rTf{x) = \W\l E^{\: x)Tf{X)d\ x G X+, 

for / G C^iX: r) and for ?7 G a* sufficiently antidominant (the function is 
then independent of r\). Here d\ is the translate of Lcbesgue measure on ia*, 
normalized as in [6, eq. (5.2)]. A priori^ TJ-f belongs to the space C°°(X+ : r) 
of smooth T-spherical functions on but the identity with / shows that it 
extends to a smooth function on X. 

The pseudo wave packets are also used for the proof of the Paley- Wiener 
theorem: Given a function in the Palcy- Wiener space, the candidate for its 
Fourier preimage is constructed as a pseudo wave packet on X+. In this sec- 
tion we reduce the proof of the Paley- Wiener theorem to one property of such 
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pseudo wave packets. This property, that they extend to global smooth func- 
tions on X, will be established in Section 8 

We first recall some spaces defined in [6], and relate them to the spaces 
given in Definitions 3.2 and 3.4. 

Definition 4.1. Let V{X : r) be the space of meromorphic functions a*c 
— °C having the following properties (i)-(iii) (see (2.9) for the definition of tt): 

(i) if{sX) = C°{s: X)<f{X} for all s eW and generic A G a*c. 

(ii) There exists e > such that irip is holomorphic on o*(i-*, e). 

(iii) For some e > 0, for every compact set lj C a* (P, e) fl a* and for all n G N, 

sup (l + |A|)"||7r(A)^(A)|| < oo. 

Moreover, for each M > let Vm{X '■ t) be the subspace of V{X : r) consisting 
of the functions if G V{X: r) with the following property (iv). 

(iv) For every strictly antidominant ?7 G a* there exists a constant tj, >0 such 
that 

(4.2) sup (1 + |A|)'^™"-+^e-^l^"^l||(/?(A)|| < oo. 

t>t,, ,\etri+ia* 

Notice that (ii) and (iii) are satisfied by any function 

ipeV{al,HiX,T),dx,r)®°C, 

by the definition of tt. If (p belongs to the subspace VAci^ '■ it also satisfies 
(i), by Lemma 3.10, and hence 

(4.3) PW{X : r) C Vac {X : t) C V{X : t). 
Moreover, the estimate in (3.2) is stronger than (iv), and hence 

(4.4) PWm(X: r) C VAciX: T)nVM{X: r). 

Remark 4.2. It will be shown later by Euclidean Fourier analysis, see 
Lemma 9.3, that the stronger estimate (3.2) holds for all (p G Vm{X-: t). In 
particular, it follows that in fact 

(4.5) PWm(X: r) = VAciX: t)^Vm{X: r). 

It will also follow from Lemma 9.3 that PWm(^: ''") is a closed subspace 
of Vac{X'- t), hence a Frechet space. Alternatively, the latter property of 
PWm(^: r) follows directly from Theorem 3.6, in the proof of which it is 
never used. In fact, (4.5) will be established in the course of that proof. 
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Remark 4.3. It will also be shown, see Lemma 10.2, that there exist 
a real S-configuration and a map W — > N such that V{X: r) C 
P(Oq, (8) °C. In combination with Lemma 3.11 this implies that 

Vac{X: T) = {ipe V{X: r) \ = 0,V£ G ACm(X: r)}. 

The present remark is not used in the proof of Theorem 3.6. 

Recall from [6, §4], that the pseudo wave packet of (4.1) can be formed with 
J^f replaced by an arbitrary function (p € V(X: r). The resulting function 
Tip e C°°{X+ : t) is given by 

(4.6) Tp{x) = \W\ I E+{\: x)(p{x) dX, x G X+, 

for ?7 € a* sufficiently antidominant, so that the function is independent of rj. 
The following theorem represents the main step in the proof of the Paley- 
Wiener theorem. 

Theorem 4.4. Let G VxciX: r). Then Tip extends to a smooth 
T-spherical function on X (also denoted by Tp). The map T is continu- 
ous from Vac{X: t) to C^{X: r). 

We will prove this result in Section 8 (sec below Theorem 8.3). However, 
we first use it to derive the following Theorem 4.5, from which Theorem 3.6 is 
an immediate consequence. 

Theorem A.b.Let M>0. Then TpeC^{X: r) for all p^VWm{X: t), 
and T is a continuous inverse to the Fourier transform T: C^{X: r) — > 
PWm(^: r). 

Proof. Let V'j^ {X : r) denote the set of functions p € Vm {X : r) for which 
T(p has a smooth extension to X. We have seen in [6, Cor. 4.11], that 
maps C^(X: t) bijectively onto V'j^i{X: r) with T as its inverse. It follows 
from Theorem 4.4 that Vac{X: t) fl Vm{X: t) is contained in V'^{X : r). 
Combining this with Lemma 3.7 and (4.4) we obtain the following chain of 
inclusions 

^(CS(X: r)) cPWm(X: r) C Vac{X: T)r\VM{X: r) 
^V'M{X:T)=nC^{X:T)). 

It follows that these inclusions are equalities (in particular, (4.5) is then estab- 
lished). Thus is bijective C^(X: r) PWm(^: r), with inverse T. 

Since T : Vac{X : r) —i- C°°{X : r) is continuous by Theorem 4.4 and since 
P^m{X : t) and C'^{X : r) carry the restriction topologies of these spaces, we 
conclude that the restriction map T: PWm(-'^ : t) — > C^{X : r) is continuous. 

□ 
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5. Generalized Eisenstein integrals 



In [6, §10], we defined generalized Eisenstein integrals for X. These will 
be used extensively in the following. In this seetion we recall their definition 
and derive some properties of them. For further properties (not to be used 
here) , we refer to [8] , [9] . 

Let t G WT(S) be an even and VF-invariant residue weight (see [5, p. 60]) 
to be fixed throughout the paper. Let / ^ T*^/, C^{X: r) C°°{X: r), be 
the operator defined by [6, eq. (5.5)], with F = A. The fact that it maps into 
C°°{X: t) is a consequence of [6, Cor. 10.11]. Moreover, if the vectorial part 
of X vanishes, that is, if OAq = {0}, then 



for x G X, cf. [6, eq. (5.10) and proof of Cor. 10.11], where K^(a;: y) is the 
residue kernel defined by [6, eq. (5.7)], with F = A.. 

If the vectorial part of X vanishes, then we follow [6, Remark 10.5], and 
define a finite dimensional space by 

(5.2) A\X: t) = Span{Ki( ■ : y)u\y e X+,u e Vr} C C°°{X: r). 

The space is denoted Ca in [6], whereas the present notation is in agree- 
ment with [8, §9]. By continuity of and finite dimensionality of .4*(X: r), 
K^( • : y)u belongs to this space for y G X \ X+ as well. 

Lemma 5.1. Assume OAq = {0}. Then T^/ G >A*(X: r) for all f G 
C^{X: r), and the map C^{X: r) -^A\X: r) is surjective. 

Proof. The map y K*^(- : y)f{y) belongs to C~(X: r) ®A*{X:t). 
Hence its integral (5.1) over X belongs to A^{X: r). The surjectivity follows 
from (5.1); see [8, Lemma 9.1]. □ 

Remark 5.2. It is seen in [8, Thm. 21.2, Def. 12.1 and Lemma 12.6], that 
A!'{X: t) equals the discrete series subspace L'^{X : r) of L^(X: r) and that 
T^: C^{X: r) A^{X: r) is the restriction of the orthogonal projection 
L?{X: t) —y L'^iX : r). In particular, the objects A^{X: r) and T^ are inde- 
pendent of the choice of the residue weight t. In the present paper t is fixed 
throughout and we do not need these properties. However, to simplify notation 
let Ta := T*^ and AiX : r) := ^*(X: r). 

Fix F C A and let apq C Oq be defined as in [6, p. 41]. For each v G W 

let 



be the reductive symmetric space defined as in [6, p. 51]. We use the notation 
of [6, pp. 51, 52], related to this space. Put tf = tImpHK and let the finite 



(5.1) 




Xp^^ = Mp/Mp nvHv 
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dimensional space 

A{Xf,v : tf) = A'\Xf,v : tf) C C'^{Xf,v : tf) 

be the analog for Xf,v of the space A{X: r) of (5.2); cf. [6, eq. (10.7)], where 
the space is denoted Cf,v The assumption made before (5.2), that the vectorial 
part of X vanishes, holds for Xf,v For tjj G A{Xf,v' tf) wc have defined the 
generalized Eisenstein integral Ep^{ip: u) G C°°(X: r) in [6, Def. 10.7]; it is 
a linear function of ijj and a meromorphic function oi v e o|rqc- Let us recall 
the definition. 

The space A{Xf,v '■ tf) is spanned by elements ip G C°°{Xf,v '■ Tf) of the 

form 

(5.3) ^(m) = tpy,u{m) = K*^{Xf,v : m: y)u 

for some y G Xf,v,+, u G Vt- Here Kp{XF,v- • '■ • ) is the analog for Xf,v of 
the kernel K^, the residue weight *t G WT(Ei?) is defined in [5, eq. (3.16)]. 
By definition 

E°F,v{'^y,u ■.v:x)= ^ Res;^ '** [E°{y - ■ : x)o \f,v E\{Xf,v ■ - ■ ■ y)u] 

AeA(Xj..,,,,F) 

for X G X. Here E*^{Xf,v- A: y) = E+{Xf^„: - A: y)* and A(Xk„,F) C 
is the set defined in [6, eq. (8.7)]. The generalized Eisenstein integral 
Ep^iip: v: x) is defined for -0 G A{Xf,v'- tf) by (5.4) and linearity; the fact 
that it is well defined is shown in [6, Lemma 10.6], by using the induction of 
relations of [7]. Let 

(5.5) -0 = ^ G := e^G-^W ■^{Xf,v : tf), 

V 

where is as in [6, above Lemma 8.1]. Define 

(5.6) EUiP: u:x)= i?|',„(V.: x). 

Remark 5.3. A priori the generalized Eisenstein integral Ep{ip: v. x) de- 
pends on the choice of the residue weight t. In fact, already the parameter 
space A{Xf,v '■ tf) for ip depends on t through the residue weight *t. However, 
according to Remark 5.2 (applied to the symmetric space Xf,v) the latter 
is actually not the case. Once the independence of A{Xf,v- tf) on *t has 
been established, it follows from the characterization in [8, Thm. 9.3], that 
Ep{il}: v. x) is independent oft. Therefore, this parameter is not indicated in 
the notation. The independence of t is not used in the present paper. 
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Lemma 5.4. Let tp = tpy^u & A(Xf,v ■ tf) he given by (5.3) with y G Xp^y, 
ueVr. Then 

(5.7) E°p^^{iPyy. v. x) 

= Yl ^es?'** [ Yl ^+.^(^ + ■■.x)o iF,v E*{Xf,v ■ ■ : y)u] 

AeA(XF.,,F) sew 

for X € and generic v G "^Fqc- 

Proof. If y G then (5.4) holds and (5.7) follows from [6, eq. (8.9]). 

The map y ^ V'j/jM) Xp^^ AiXp^^: Tp) is continuous, and Ep^{tp: u: x) is 
linear in hence the left side of (5.7) is continuous in ?/ G Xp^y. The other 
side is continuous as well, so (5.7) follows by the density of in Xp^^. □ 

Let 

/ ^ Tf{Xf,, : /), C^{Xf,, : r) ^ A{Xf,v : Tp) C C°°(X^,„ : r) 

be the analog for Xp^^ of the operator Ta of (5.1) (with respect to some choice 

of invariant measure dy on Xp^^). The operator TpiXp^^: f) should not be 
confused with the operator T^ of [6, eq. (5.5)], which maps between function 
spaces on X. In the following lemma we examine the generalized Eisenstein 
integral Ep^{Tp{Xp^y : /) : u). Let the Fourier transform associated with Xp^y 
be denoted / ^ T{Xp^y : /). It maps C~(Xf,„ : r) into A<(o^-^c' ^f)® °Cp,v 
and is given by (see (2.1)) 

(5.8) TiXp,,: f)i,,) = [ E*{Xp,,: v. y)f{y)dy, (v G a>-^c)- 

Lemma 5.5. Let f G C^iXp^^: r) and let ^ = \Wp\-^Tp{Xp^y: /) G 
A{Xpy: Tp). Then 

(5.9) ' 

E°p^^{^: u:x)= Yl ^""^T^'i E ^+A^ + ' ■ x) o ip,, J^iXp,,: /)(•)] 

for X G X+ and generic v G <^p^^ ■ 

Proof. For each y G Xp^^ let ipy G C°°{Xp^y: r) be defined by ^y{m) = 
'^y,f{v}i'^) = ^p{Xp^y: m: y)f{y); cf. (5.3). Then ijjy G A{Xp^y: Tp) and 
y ^ tpy is continuous into this space. We conclude from (5.1), applied to Xp^^, 
that i/j = J-^^ ipy dy pointwise on Xp^y., and hence also as a A{Xp^y : rF)-valued 
integral. The Eisenstein integral Ep^{ip: v. x) is linear in the first variable, 
hence we further conclude that 

(5.10) E^,,(V': v:x)= I E^p^.i^^y-. v. x)dy. 
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It follows from Lemma 5.4 that 

agA(Xf,„,f) sew^ 

for X G We insert this relation into (5.10) and take the residue operator 
outside the integral over y G supp / C Xp^^. The justification is similar to that 
given in the proof of Lemma 3.8. Using (5.8) we then obtain (5.9). □ 

Lemma 5.6. The expressions (5.4), (5.7), (5.9) remain valid if the set of 
summation A{Xf,v,F) is replaced by any finite subset A of a*p^ containing 

Proof. It follows from [6, Lemma 10.6], that the sum in (5.4) remains 
unchanged if A{Xf,vtF) is replaced by A. That the same conclusion holds for 
(5.7) and (5.9) is then seen as in the proofs of Lemmas 5.4 and 5.5. □ 

6. Induction of Arthur-Campoli relations 

In this section we prove in Theorem 6.2 a result that will play a crucial 
role for the Paley- Wiener theorem. It shows that Arthur-Campoli functionals 
on the smaller symmetric space Xf,v induce Arthur-Campoli functionals on 
the full space X. The result is established by means of the theory of induction 
of relations developed in [7, Cor. 16.4]. The corresponding result in the group 
case is [1, Lemma III. 2. 3], however, for the unnormalized Eisenstein integrals. 
Let F C A, and let S C a^^^ be finite. 

Lemma 6.1. LetH be aT,-configuration in a^c and let CEAi{a*p^^,TiF)ig^^,. 
with supp£ C S. 

(i) The set of affine hyperplanes in ci*pqQ, 

HpiS) = Uag5 {H' \3H eH: a + H' = {a + a^qc) HH Ca + o^qd, 

is a Ti^{F)- configuration, which is real if H is real and S C o^. The 
corresponding set of regular points is 

reg(oi;'qC, T^riS)) = {v e Opqc l^a & S,H & H : a+v G a+op^c ^ H}. 

(ii) For each ip G A^(a*c,'H) and each v G reg{a*p^^.,'Hp{S)) there exists a 
neighborhood VL of S in such that the function ip^ : \ ^ ip{X + u) 
belongs to A4{^l,T,p). 

(iii) Fix V G reg(a|;,qj,, 7ii?(S')). There exists a Laurent functional (in general 
not unique) C G ^A{a^f^,T,)^^^^, supported by the set v + S, such that 
C'lp = Cip" for all if G A^(a*c, W). 
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(iv) The function C^ip: v i— >■ Lip^ belongs to M.{a*p^^,HF{S)) for each (p € 

(v) The map maps A4(a*c,'H) continuously into M.{ap^^,TCF{S)) and if 
Ti is real, V{a'^,T[) continuously into V{a*p^,TlFiS)). 

Proof. See [7, Cor. 11.6 and Lemma 11.7]. The continuity in (v) between 
the M. spaces is proved in [7, Cor. 11.6(b)]; the continuity between the P 
spaces is similar, see also [5, Lemma 1.10]. □ 

Let n = n{X,T) and let u G ieg{a*p^c^nFiS)). Let v G and let 
prp^: °C —>■ °Cf,v be the projection operator defined by [7, (15.3)]. 

Theorem 6.2. For each C G AC{Xf,v- tf) with suppi2 C S there exists 
a Laurent functional (in general not unique) C G AC{X : r), supported by the 
set v + S, such that 

(6.1) ^PT^F,v + • )] = ^'V^ 

for all ip G A^(a*, H) ® °C. In particular, if in addition S C a^"^ then 

(6.2) C[viF,v^{^+ ■)]=^ 
for all(peVAc{X: r). 

Proof The existence of £' G A^(a*c, ^)u^r®°C* such that (6.1) holds fol- 
lows from Lemma 6.1 (iii). We will show that every such clement C belongs to 
AC(X: r). If z/ G reg(opq, ?^i?(S')) the statement (6.2) is then straightforward 
from the definition of VAciX : r), and in general it follows by meromorphic 
continuation. 

That £ G AC{Xf,v '■ tf) means by definition that it belongs to 

M{a*p\c,^F)lur^°C*p,v 

and satisfies 

(6.3) C[E*{Xf,v: ■ ■■ m)u] =0 

for every m G Xf^v, u G Vr- By (6.1) the claim that C G AC{X: r) amounts 
to 

(6.4) ^PTp,^ E*{X:iy+-: x)u] = 

for all X & X. This claim will now be established by means of [7, Cor. 16.4]. 
If £ -^('^F^c ^-P)' tlisn the function : A i-^- ip{—X) belongs to 

Mi 

'^FqC'^^) ^ "^e^^- If G M.{a*p^^,'EF)ii^^iy., then it is readily seen that 
there exists a unique £^ G ■A^(tiF"|^c' ^'P)*aur ^^^'^ 

(6.5) jCyi/j = {Ci)"")* 
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for all Tp G M.{ay^^,T,F); here the superscript * indicates that the complex 
conjugate is taken. The maps ijj <—>■ i/j"^ and C ^ are antilinear. More 
generally, if is a Hilbcrt space and v € H, then by v* we denote the element 
of the dual Hilbert space H* defined hj v* : w {wjv). The maps {ip,v) i— 
* and (£, v) i-^ ®v* induce antilinear maps from M.{a*^^, Sp) (g)i7 to 
M{a*p\c, T.f) ® H*, and from Mia*p\c^ I^f)^^^ ^ ^ io Mia*p\c^ ^f)1^, ^ H*, 
which we denote by V' i— V'^ and £. as well. With this notation formula 

(6.5) is valid for all G M{a*p\c, Eir)0i/0F^ and ah £ G M{a*ji^c^ ^i^)^!®^- 
It is then an identity between members of Vr- 

Notice that by definition of E*{Xf.v '■ ■ '■ fn) it is the V'^ of 

i) = E°{Xf,v ■■ • : m) G A1(a>-^c> ^f) ® °C>,^ ® Vr- 
It now follows from (6.5) and (6.3) that 

(6.6) C"^{E°{Xf,v- • : m)) = 

for all m G Xf,v, with jCy G M.{a*j^^,T,F)ig_^r °^F,v defined as above. Let 

>C2 = (1 iF,.)>C^ e M{a*F\c, SF)raur ® °C, 

then £2(^°(Xf,«: • : m) o pr^^„) = for aU u G ^W, by (6.6) and [7, (16.2)]. 
In view of [7, Cor. 16.4] with Ci = this implies that 

(6.7) C2[E°{X: 1^+ ■ : x)]=0 

for X G hence by continuity also for x E X. Since £2 = (jC(1 (8) pi'i;'^,;))^ 
we readily obtain (6.4) by application of (6.5) to (6.7). □ 



7. A property of the Arthur-Campoli relations 

The aim of this section is to establish a result, Lemma 7.4, which elabo- 
rates on the definition of the space AC{X : r) by means of some simple linear 
algebra. 

For any finite set S C we denote by Os the space of germs at S of func- 
tions (f) G 0{Q,), holomorphic on some open neighborhood Q of S. Moreover, if 

is an open neighborhood of S and d: E ^ N a map, then by S, S, d) we 

denote the space of meromorphic functions ip on Q, whose germ at a belongs 
to 7r~^Oa for each a G 5. Here 

for A G a*c (cf. [7, eq. (10.1)]). Finally, we put M{n, S, S) = UdM{n, S, E, d). 

Lemma 7.1. Let L C A^(o*c, S)*^^^^. (g) °C* be a finite dimensional linear 
subspace, and let S denote the finite set suppL := U£gLSupp£ C 0*^. Then 
there exists a finite dimensional linear subspace V C {X : r) with the fol- 
lowing properties: 
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(i) Let Q, C a*c be an open neighborhood of S and let i/j € Ail^l, S, S) °C 
be annihilated 6j/ L fl AC(X: r). Then there exists a unique function 
f = ftlj & V such that LTf = Cip for all £ G L. 

(ii) The map ^ f^ has the following form. There exists a Hom(°C,y)- 
valued Laurent functional C G Ij^V C A1(o*c, S)j*g^^j.(8)Hom(°C, F) such 
that f^ = Cil) for all tp- 

We first formulate a result in linear algebra, and then deduce the above 
result. 

Lemma 7.2. Let A, B and C be linear spaces with dim C < oo, and let a G 
Hom(^, B) and j3 € Hom(i?, C) be given. Put C = j3{a{A)). Then there exists 
a finite dimensional linear subspace V C A with the property that, for each 
ip G P^^{C'), there exists a unique element f^ gV such that (3{a{f^)) = f5{'ip). 
Moreover, there exists an element /x G Hom(C, V) such that f^ = ii{f5{ip)) for 
all tp. 

Proof. The proof is shorter than the statement. Since /Soa maps A onto C' 
we can choose V C A such that the restriction of /?o a to it is bijective V C . 
Then G F is uniquely determined hj (3 o a{f^) = f3{ip), and ii n: C ^ V 
is any linear extension of {(3 o a)~^ : C ^ V, the relation = holds 
for all V'- n 

Proof of Lemma 7.1. It is easily seen by using a basis for L that S is a 
finite set. 

We shall apply Lemma 7.2 with A = C^{X : t), B = M{n, S, S) (8)°C and 
C = L*, the linear dual of L. Furthermore, as a: A ^ B we use the Fourier 
transform followed by taking restrictions to U, and as (3: B ^ C = L* we 
use the map induced by the pairing (£, i-^ Cip, £ G L, ^ G -B. 

We now determine the image C = P{a(A)). By definition it consists 
of all the linear forms on L given by the application of £ G L to a func- 
tion in T{C^{X: r)). Hence the polar subset C'-^ C L is exactly the set 
of £ G L that annihilate J-{C^{X : r)). By Lemma 3.8, an clement £ G 
L annihilates T{C^{X: r)) if and only if it belongs to AC{X : r). Hence 
C""*" = L n AC{X : t). Thus (3~^{C') consists precisely of those elements 
V' G 5 = 5, S) (g) °C that are annihilated by L n AC(X : r). 

The lemma now follows immediately from Lemma 7.2. □ 

Lemma 7.3. Let £ G M{a\c->^)\aMr "''"'^ (f> ^ where S = supp£. 
The map C^: ip ^ o, Laurent functional in A^(iiqC) ^)i*aur' supported 

at S. 

Proof. (Sec also [7, cq. (10.7)].) For each a £ S, let = (uaj) be the 
string that represents £ at a. Let be an open neighborhood of S. Fix 
cZ: E — > N. For ip G M{0., S, S, d) we have jC^pip = J2aes ''^a,d['^a,d'P'ip]{('')- Hence 
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by the Leibniz rule we can write 

(7-1) C,^ip = XI ["^J ^'^'> '^h K^i^] (a) 

aeS i 

for finitely many j, u„ j G S{aq). Thus C^p has the form required of a Laurent 
functional with support in S. □ 

Lemma 7.4. Let Co ^ -Mlflqci ^)raur ^'^^ d: S ^ N. T/iere exjsfe a 
finite dimensional linear subspace V C C^{X: r) rai/i the following properties: 

(i) Lei C be an open neighborhood of S := supp/^o o,nd let ijj G 
M{n,S,J:,d) (g) °C. Assume that Ctp = for all C G AC{X : r) wii/i 
suppi2 C S. Then there exists a unique function f = ftp & V such that 
£o(OT) = jCoiH) for all cPeOs0°C*. 

(ii) The map ip t-^ ff has the following form. There exists a Hom(°C,V)- 
valued germ (f)' G O5 (8) Hom(°C, V) such that /y, = Co{(f)'ip) for all ip. 

Proof. We may assume that the given d G satisfies the requirement that 
J^fln belongs to M(ft,T,,d)0°C for all / G C^iX : r), for some neighborhood 

CI of S (otherwise we just replace d by a suitable successor in N^). 

Let Oi = Os (gi °C* and let Oq denote the subspace of Oi consisting 
of the elements (p € Oi for which the Laurent functional CQ^f,: ip 1-^ £o(0V') 
in M{alc, S)iaur <^ °C* annihilates M{n, S, S, d) (g) °C (with the fixed element 
d), for all neighborhoods of S. It follows immediately from (7.1), applied 
componentwise on °C, that an clement (/> G Oi belongs to Oq if a finite num- 
ber of fixed linear forms on Oi annihilate it; hence dimOi/Oo < 00. Fix a 
complementary subspace O' of Oq in Oi, and let 

Choose V C C^(X: r) according to Lemma 7.1. Then for each ipeM{i^, S, E, d) 
(8)°C satisfying jCip = for all £. G LnAC(X : r), there exists a unique function 

G y such that CTf^p = Cip for all £ G L. Thus Co{(l)J^f,j,) = jCo{4>ip) for 
all (f) G and this property determines uniquely. On the other hand, 
by the definition of Oq we have Co{(pJ^f^) = = Cq{4>iI)) for G Oq. Thus 
jCo{(t>J^ftp) = Co{H) holds for all (/> G Oi. 

The statement (ii) follows immediately from the above and the corre- 
sponding statement in Lemma 7.1. □ 

8. Proof of Theorem 4.4 

The inversion formula for the Fourier transform that was obtained in [6, 
Thm. 1.2], reads 

(8.1) f{x) = r:Ff{x) = T^/(a^)> X e x+. 
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where the term in the middle is the pseudo wave packet (4.1) and where the 
operators on the right-hand side are as defined in [6, eq. (5.5)]. Motivated by 
the latter definition we define, for F C A, G V{X : r) and x G X+, 

(8.2) TMx) = \W\t{a+^) 

■ I E [ E ^+-^( • ■■ ^)^( • )] (A + ^) dn^.^s^) 

so that T^/ = T^Tf. The element ep ^ ap+, the set A(F) C aj,q and 
the measure dpLa'p^ on ia*p^ are as defined in [6, p. 42] (with 7i equal to the 
union of H{X,t) with the set of singular hyperplanes for -E+). It follows from 
[6, eq. (4.2)] and [5, Lemma 1.11], that the integral in (8.2) converges, and 
that T^(p G C°°{X+ : r). Moreover, 

(8.3) = E 

FcA 

in analogy with the second equality in (8.1); see the arguments leading up to 
[6, eq. (5.3)]. 

The existence of a smooth extension of Tip will be proved by showing that 
Tpip has the same property, for each F. We shall do this by exhibiting it as a 
wave packet of generalized Eisenstein integrals. 

Let 7i denote the union of 7i{X, r) with the set of all affine hyperplanes 
in a*c along which A £^+,5 (A: x) is singular, for some x G X+, s G W. By 
Lemma 2.1 this is a real S-configuration and there exists d: H such that 
E+^si • : x) G A^(a*, H, d) (g) Hom(°C, Vr) for all x G X+ and s G W. 

Lemma 8.1. Let F c A and v G ^W. Let L G A4(aFqC' ^^)raur ^^'^ 
S := supp£ C 0^. There exist a finite dimensional linear subspace V C 
C'^{Xp^v: t) and for each v G Teg{ap^^,HF{S)) a linear map (p fi,^^, 
Vac{X: t) — > V, such that 

(8.4) C ^ ^ Ej^^siy + ■ : x) o i^,^ o prj,„ ip{u + ■) 

= £ [ J] E+,s{i^ +-:x)o if,„ J^{Xf,v ■ ■ ) 

sew 

for all X G 

Moreover, the elements f^^^ G V can be chosen of the following form. 
There exists a Laurent functional C'^ G Ai{a*^^,TlF)l^^,.'S)iiom{°CF,v,V), sup- 
ported by S, such that 

(8.5) /,,^ = 4[pr^,„^(z.+ ■)] 
for all V G reg(o^ j,, 7Yf(5)) and all ip G VAciX: r). 
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Proof. For each v G i:eg{a*p^^,HF{S)) and a G S the element a + v is 
only contained in a given hyperplane from H if this hyperplane contains all of 
a + cip^f,. Let 7f(a + a*p^^) denote the (finite) set of such hyperplanes, and let 
TC{S + a*p^^) = \Jaes'H{a + a*p^^). Let d: H ^ N be as mentioned before the 
lemma, and let the polynomial function p be given by (2.6) with a; = + 5, 
where v G Teg{a*p^^,HF{S)). Then 

p{\)= n {{o^hA)-sh)''^"\ 

and thus p is independent of v. Moreover, since a + a^q^ C H we conclude 
that aH e ^F for all H G H{S + a^q^)- Hence p^u + A) = p{\) for u e a*p^i^ 
and A G a^c- '^'^^ maps 

A^p(A)^+,s(j^ + A: x), a*p\c^1iom{°C,Vr), 

are then holomorphic at S for all G iceg{a*p^^,fiF{S)), s GW and x G X+. 

Choose do G N such that dx,r{H) < do for all H G W(S' + o|,qc) n 
H{X,t) and define d' : Tip N by (i'(a) = do for all a. Then, for each 
V G reg(apqc,HF(5')) and <^ G M(a\,'H{X,T),dx,T) ® °C the function 

V''^ ■■= PT^F,v o<^" : A ^ pr^^„ ip{u + A) 

on a*p^i^ belongs to M.{^,'Sp,d') (g) °Cf,v for some neighborhood O of S (cf. 
Lemma 6.1). If in addition (p G Vac{X : r) then by Theorem 6.2 this function 
is annihilated by all elements of AC(Xp^y : r) supported by S. 

Let Co be the functional on M{a*p^^,T,p) defined by Co^P = ^{p~^'^)', it 
is easily seen that jOq € ■^('^fIjC' ^^)raur ^'^d that supp£o ^ -5. Choose V C 
C^(Xi;'^„ : r) according to Lemma 7.4, applied to Xp^^, Cq and d'. Then there 
exists for each v G iceg{a*p^^,Ti.F{S)) and <^ G Pac(^- ''") a unique element 
fv,ip = fip-'-v € V such that 

/:o(0^(Xj.,,: /,,^)) = /:o(0V''^) 

for all (j) eOs^ °Cf,v We apply this identity with 

^(A)=p(A) ^ V* o E+^s{iy + X: x) o ip^^ 

sew 

for arbitrary u* G V*, and deduce (8.4). 

According to Lemma 7.4 (ii) there exists (j)' G (8> Hom(°Ci7'^t,, 1/) such 
that = Co{4>'V''^). The map Z:^ : V ^ C,o{4>'i^) is a Hom(°CF,t,, F)-valued 
Laurent functional (see Lemma 7.3) satisfying (8.5). The linearity oi ip ^ f^^^ 
follows from (8.5). □ 

Lemma 8.2. Let v G ^W. There exists a Laurent functional 

£-v € M{a*p\c, SF)raur <^ B.om{° C p^y , A{Xp^y : Tp)), 
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supported by the set A := A(F) U A{Xf,v, F), such that 

(8.6) Yl ^^^W. [ 5^ ■ : x) o o pr^^, <p{ ■)]{,. + A) 

AeA(F) " sew 

= E°p^^{£^[pTp^^ (p{u+ ■)]:u:x) 

for all if £ VacAX '■ t)i X ^ X+ f^i^'d generic v € <^*Fqc- ^ere^ generic means 
that V G reg(a|;^qc, 7Y_f(A)), ^/^ere 'H is as defined above Lemma 8.1. 

Proof. In the expression on the left side of (8.6) we can replace the set 
A(F) by A (see [6, Lemma 7.5]). Moreover, we can replace the residue oper- 
ator Res^^^. by Res^' * (see [6, eq. (8.5)]), which, as observed in [6, above 

eq. (8.5)], can be regarded as an element in ■M{a*j;}^,'EF)^^^^, supported at A. 
We thus obtain on the left of (8.6): 

(8.7) Res'^''^ [ Y E+^sii^ + ■ : x) o ip, +■)]. 
AeA seW 

We obtain from Lemma 8.1 that there exist a finite dimensional space V C 
C'^{Xf,v ■ t) and a Laurent functional £J^ G M{a*^^, ^•F')raur ® Hom(°CF,^, V) 
supported by A, such that (8.7) equals 

(8.8) ^^^s^'** [ E ^+.-(^ +-:x)o \f,v HXf,v : fu,^){ ■ )] ■ 

AeA sgW 

Here f^^^ = >C^[pr^_^ (/^(i/ + • )] G F for € rcg{a*p^c,HFiA-)). We ap- 
ply Lemmas 5.5, 5.6 and obtain that (8.8) equals Ep^^ip: v: x) with ip = 
\Wf\-^Tp{Xp^^ : /,,^) G A{Xp^v ■■ tf). 

The map / i-^ \Wf\~^Tf{Xf^,u ■ f) is linear V — > A{Xf^v : tf)', composing 
it with the coefficients of C'^ G ■M.{a*p^,T,F)^^^^ ^ 'Rom{°CF,v,V) we obtain 
a Laurent functional Cy G ■M{a*p^,TiF)Y^^ iiom{°CF,v,A{Xp^y: tf))- Now 
= £,v[p^F,v + ■ )]) ^iid (8.6) follows. □ 

Theorem 8.3. Let F C A. There exists 

C G M{a*F\c, )i;„, Hom(°C, Af) 
with support contained in A(F) U [U^gFyy A(Xir^^, F)], such that 

(8.9) TXx) = / E°p{C[<f{v+ x) dfi,.^^{u) 

for all If G VAci^' ''")) ^ ^ particular, Tp(p G C°°(X: r), and (p i— > 

Tpip is continuous Vac{X : r) —>■ C°°{X: r). 

Proof. Recall, see (5.5) and [6, eq. (8.4)], that 

Af = (Bve^w A{Xp^y: Tf), °C = (Bve^w '^f,v{°Cf,v} ■ 
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Let be as in Lemma 8.2 for each v € ^W, and let 

^=l^l*(4q) E 'C.opr^,, GM(a>^c,SF)raur®Hom(°C,^f). 

The identity (8.9) then follows immediately from (8.2), (8.6), (5.6). The re- 
maining statements follow from Lemma 6.1(v) combined with the estimate in 
[6, Lemma 10.8]. □ 

As a corollary wc immediately obtain (cf. (8.3)) that Tip G C°°(X: r) for 
every G Vhc{X: r), and that T: VkqXX: t) C°°[X: r) is continuous. 
The proofs of Theorems 4.4, 4.5 and 3.6 are then complete. 



9. A comparison of two estimates 

The purpose of this section is to compare the estimates (3.2) and (4.2), 
and to establish the facts mentioned in Remark 4.2. The method is elementary 
Euclidean Fourier analysis. 

Fix i? G R and let Q = Q(i?) denote the space of functions ^ G 0(a*(P, K)) 
(see (2.7)) for which 

(9.1) y^,n{^):= sup (1 + |A|)"|<^(A)| <oo 

for all n G N and all bounded sets a; C a* (P, R) fl a*. The space Q, endowed 
with the seminorms v^^^^ is a Frechet space. 

For M > we denote by Qm = Qm{R) the subspace of Q consisting of 
the functions G Q that satisfy the following: For every strictly antidominant 
T] G a* there exist constants tri,Cr] > such that 

(9.2) \^{X)\ < Cr,{l + |A|)-di'""<.-ie^l^''^l 

for all t>tr^ and A G tr? + zo* (note that tr] + za* C aq(P, R) for t sufficiently 
large) . 

Lemma 9.1. (i) Let Aq G a^{P,R) D a* and let uj C aq(P, P) n o* 6e a 
compact neighborhood of Xq. Let M > and N G N. There exist ra G N and 
C > such that 

(9.3) |,^(A)| < C(l + |A|)-^e^^lR<'^lz.,,n(<A) 

for all A G Ao + aq(P, 0) and (f) G Qm- 

(ii) Qm is closed in Q. 

(iii) Let cj) £ Qm- Then pep G Qm for each polynomial p on a*c. 

Proof (i) From the estimates in (9.1) it follows that </'(Ao + ^) 

is a Schwartz function on the Euclidean space ia*; in fact by a straightfor- 
ward application of Cauchy's integral formula we see that every Schwartz-type 
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seminorm of this function can be estimated from above by (a constant times) 
^<jj,n{4') foi" some n. 

Let / : ttq — >^ C be defined by 

(9.4) f{x)= [ e^^^UWdX. 

Then x ^ e-^"(^)/ is a Schwartz function on Oq, and by continuity of the 
Fourier transform for the Scliwartz topologies every Schwartz-seminorm of this 
function can be estimated by one of the i'ui,n{'P)- Moreover, it follows from the 
Fourier inversion formula that 

(9.5) cP{X)= [ e-^W/(x)dx, 

for A G Ao + iOq, where dx is Lebesgue measure on Oq (suitably normalized). 

It follows from (9.4) and an application of Cauchy's theorem, justified by 
(9.1), that f{x) is independent of the choice of the element Aq. Since this 
element was arbitrary in a*(P, i?) fl o*, we conclude that (9.5) holds for all 
XealiP,R). 

Let G o*(P, 0) and let r/ = Re /U. Then ij is strictly antidominant. Let 
t > trj. Replacing Aq by tr] in (9.4) and applying (9.2) we obtain the estimate 

|/(x)| <C^e*''(^)e*^l''l / (l + |A|)-'^™"<'-iciA. 

By taking the limit as t — oo we infer that if r/(x) + M\r}\ < then f{x) = 0. 

We use (9.5) to evaluate ^(Aq + a*). It follows from the previous statement 
that we need only to integrate over the set where —r]{x) < M\rj\. On this 
set the integrand e-^^°+^''^'^'''> f{x) is dominated by e^l''le-^«(^)|/(x)|. Thus we 
obtain 

(9.6) |0(Ao + /x)| < e^l^^/^l / e-^''^'''>\f{x)\dx 

for fl G aq(P, 0), hence, by continuity, also for jj, G a^{P,0). Using (9.5) and 
partial integration, we obtain a similar estimate for ii{xq)^ (j){XQ + ji) for any 
xq G aq, A: G N; on the right-hand side of (9.6) e~'^°f is then replaced by 
its k-th derivative in the direction xq. This shows that for each N e N, 
(1 + |jLt|)-^|(;/)(Ao + /i)| can be estimated in terms of e^l^'^'^l and a Schwartz- 
semmorm of e-^°f. The latter seminorm may then be estimated by i'uj,ni4')i 
for suitable n, and (9.3) follows, but with = A — Aq in place of A on the 
right-hand side. Since 1 + |A| < 1 + |Ao| + |m| < (1 + |Ao|)(l + and 
I Re/x| < I Re Ao| + | Re A|, the stated form of (9.3) follows from that. 

(ii) Let (j) be in the closure of Qm in Q; then by continuity (i) holds for 
(f> as well. Let rj he a given, strictly antidominant, clement of a*. Choose 
tr, > such that Aq := t,,?? e o*(P,P). Now (9.2) follows from (9.3) with 
N = dim Oq + 1. Hence G Qm- 
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(iii) As before, let rj be given and choose t,, > such that Aq = ^tj G 
a*(P, i?). Then by (i), (9.3) holds, and since N is arbitrary (9.2) follows with 
(f) replaced hy pcj). □ 

Lemma 9.2. There exist a real ^-configuration a map : TiT — > N 
and a number £ > with the following property. Let ip: 0*^ — > °C he any 
meromorphic function such that 

(i) f{sX) = C°{s: X)if{X) for all s E W and generic A G Oqc, 

(ii) TTip is holomorphic on a neighborhood ofa^{P,0). 

Then ip G A^(a*, <i~) (8> °C and n^p is holomorphic on Oq(P, £:). 

Notice (cf. (2.3)) that (i), (ii) hold with ip = E*{ - : x)v, for any x e X, 
V G Vr. It follows that E*{ ■ : x)v e M{a^, d~) (8)°C. Hence n{X, r) C 
and dx,T di d^\n(x.r)- 

Proof. Let TI{X,t) and dx,T be as in Section 2, and for each s G let 
Hs, ds be such that C°{s: •) G A^(a*, ds); cf. Lemma 2.1. Let 

= \Jsew{sH I H G n{X, r) U Hs}. 

Furthermore, let (i~ G be defined as follows. We agree that dx,T{H) = 
for H ^ n{X, t) and ds{H) = ior H ^ Hs- For H eTi^ let 

d^{H) = maxdxr(s~^i^) + dsis'^H). 

We now assume that (p satisfies (i) and (ii). Let Aq G a*(P, 0) and s G W. 
Let TTo denote the polynomial determined by (2.6) with to = {Aq} and with 
H = TC{X,t) and d = dx,T- Since Ao G o*(P, 0), we see that ttq divides 
TT and the quotient tt/ttq is nonzero at Aq. Hence iTQip is holomorphic in a 
neighborhood of Aq, by (ii). Likewise, let tTs denote the polynomial determined 
by (2.6) with oo = {Aq} and with H = Hg and d = dg, then TrsC°{s: •) is 
holomorphic at Aq. Hence 7rovrsC°(s: ■)ip is holomorphic at Aq, and by (i) 
it follows that A i-^ 7rQ{s~^ X)tTs{s~^ X)(p{X) is holomorphic at sXq. Let 7r~ 
be defined by (2.6) with to = {sXq} and with H = HT and d = d^. Then 
the polynomial A irois'^ X)7rs{s^^ X) divides 7r~, by the definition of and 
hence 7r~(^ is holomorphic at sXq. Since every point in a*c can be written in the 
form sAo with Aq G a*(P, 0) and seW, it follows that ip G A1(o*, , d^)®°C. 
The statement about the existence of e is now an easy consequence of (ii) and 
the local finitcness of 7i~. □ 

It follows from Lemma 9.2 that a fixed number e can be chosen such that 
the condition in (ii) of Definition 4.1 holds for all ip G V{X : r) simultaneously. 
In the following lemma, we fix such a number e > 0. 
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Lemma 9.3. Let M > and let to C a*(P, e) be a compact neighborhood 
of 0. Let N eN. Then there exist n G N and C > such that 

(9.7) sup (1 + |A|)^e-^l^^^l||7r(A)(^(A)|| < Ciy^,n{7r^) 

Aea5(P,0) 

for all If G Vm{X: t) {see Definition 4.1). Moreover, 

(9.8) PWM{X:T)=VM{X:r)nVAc{X:T), 
and this is a closed subspace of Vac{X: t). 

Proof We first show that nip £ Qmis) ® °C for all (p G VMiX: r). Let 
if G Vm{X : t) and let i2i G M be sufficiently negative so that if is holomorphic 
on a*(P, Ri). Then Lp G Qm(-Ri)<8)°C and hence it follows from Lemma 9.1 (iii) 
with R = Ri, applied componentwise to the °C-valued function (p, that irp G 
Qm{Ri) ^ °C. Since (9.2) does not invoke R, and since inp is already known 
to satisfy (9.1) with R = e (see Def. 4.1) it follows that Tr(p G Qm{s) ® °C as 
well. By a second application of Lemma 9.1, this time with R = e and Aq = 0, 
we now obtain (9.7). The identity (9.8) follows from (4.4) and (9.7). The map 
ip 1-^ TTip is continuous Vac{X : r) ^ Q (g) °C and Vm{X: r) n VAciX : r) is 
the preimage of Qm °C. Hence it is closed. □ 



10. A different characterization of the Paley- Wiener space 

In [4, Def. 21.6], we defined the Paley- Wiener space PW(X: r) somewhat 
differently from Definition 3.4, and we conjectured in [4, Rem. 21.8], that this 
space was equal to J^{C^{X: r)). The purpose of this section is to establish 
equivalence of the two definitions of PW(X : r) and to confirm the conjecture 
of [4]. 

The essential difference between the definitions is that in [4] several prop- 
erties are required only on o*(P, 0); the identity ip{sX) = C°{s: X)(p{X) (cf. 
Lemma 3.10) is then part of the definition of the Paley- Wiener space. In the 
following theorem we establish a property of C°(s : A) which is crucial for com- 
parison of the definitions. Let ns,R denote the set of polynomials on a*c which 
are products of functions of the form X t-^ {a, X) + c with a G S and c G M. 

Theorem 10.1. Let s € W and let w C a* 6e compact. There exist a poly- 
nomial q G IIs^R and a number N £N such that X {1 + |A|)~^gr(A)C°(s : A) 
is bounded on to + ia*. 

Proof See [10]. □ 

Lemma 10.2. The space V{X: r) of Definition 4.1 is equal to the space 
of °C-valued meromorphic functions on 0*^ that have the properties (i)-(ii) of 
Lemma 9.2 together with: 
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Moreover, there exist a real T,- configuration T-C and a map d'^ : TiT — > N such 
that 



Proof. Condition (i) in Definition 4.1 is the same as (i) in Lemma 9.2, 
whereas (ii) is stronger. However, it was seen in Lemma 9.2 that (i) A(ii) imphes 

(ii) of Definition 4.1. The condition (iii) in Definition 4.1 is also stronger than 

(iii) above. 

It thus remains to be seen that (i)-(iii) above imply (iii) of Definition 
4.1, and that (10.1) holds. We will establish both at the same time. Let VT' 
and d~ be as in Lemma 9.2, and assume that if satisfies (i)-(iii) above; then 
(p G Al(a*,7^~,d~) (g) °C. Let w C a* be compact. Using Theorem 10.1 wc sec 
from (iii) together with (i) that there exists a polynomial Q G H^.r such that 



for each n G N. Clearly we may assume that Q is divisible by 'Ktjj^d- W (see 
(2.6)). Using [2, Lemma 6.1] and the fact that u was arbitrary, we can in fact 
remove all factors of Q/ 11^)4- {^) from the estimate, so that we may assume Q = 
T^Lu^-i^)- Hence ip G ^(a*, Ti^, d~) ® °C. The statement in (iii) of Definition 
4.1 follows by the same reasoning, when we invoke the already established 
statement (ii) of that definition. □ 

Lemma 10.3. The pre-Paley-Wiener space Ai{X : r) defined in [4, Def. 
21.2], is identical with Um>o'Pm{X : r), where VmIX: t) is as defined in Def- 
inition 4.1. 

Proof. Let M > and if G Vm{X: t). Then properties (a) and (b) of 
[4, Def. 21.2], are obviously fulfilled, and (c), with R = M, follows from (9.7). 
Hence (p G M{X : r). 

Conversely, let cp G M{X : r), then p G V{X: r) by Lemma 10.2. More- 
over, condition (iv) in Definition 4.1 results easily from (c) of [4], with M = R. 
Hence G Pm(^: t). □ 

In [4] the space PW(X : r) is defined as the space of functions p G 
Ai{X : t) that satisfy certain relations. These relations will now be interpreted 
in terms of Laurent functionals by means of the following lemma. 

Lemma 10.4. Let u\, . . . ,Uk G >S'(aq), tpi, . . . ,ipk £ °C, and Ai, . . . , Afc G 
a*(P, 0). Then there exists a Laurent functional C G A^(aqc, ^)ia,ur ^ °^*' ^'^^^ 



(10.1) 



V{X: r) cP(a*,H~,d~)®°C. 



sup (1 + |A|)"||Q(A)</.(A)|| <oo 
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that 

k 

(10.2) dp = J2MA>^)H^M)]x=x. 

i=l 

for all If G M{X : r). Conversely, given C G A^(a*c, S)i*aur ^ °'^* tf^^i"^ ^^ist k, 
Ui, ipi and Xi as above such that (10.2) holds for all G A4{X : r). 

Proof. To prove the existence of C we may assume that k = 1. Let 
d = dx^r Siud let tti = TT^x^y^^ be determined by (2.6). Then tti divides vr; 
let p denote their quotient. It follows from [7, Lemma 10.5], that there exists 
£i G M(a*c, S)*^^^ (8) °C* such that 

>Ci<y9 = ■ui[7ri(A)(<^(A)|V'i)]A=Ai 

for all (f such that iriip is holomorphic near Ai. By Lemma 7.3 the map 
C: ip^ Ci{pip) belongs to M{a\c, ^Tunr ® I* clearly satisfies (10.2). 

Conversely, let C G A^(a*c, S)i*aur given. We may assume that 

the support of C consists of a single point in a^^. This point equals sAq for 
suitable Aq G aq(P, 0) and s G W. Let ttq, vr^ and 7r~ be as in the proof of 
Lemma 9.2. The restriction of C to A4(a*, TC^,d^) °C is a finite sum of terms 
of the form 

(10.3) p^u[TT-(X){ip{Xm]x=sX„, 

where e °C and u G 5'(a*). For tp £ M{X : t) we use the Weyl conjugation 
property and rewrite (10.3) in the form 

^^u[7r-(sA)(C°(s: A)(^(A)|V)]a=Ao, 

in which the element u has been replaced by its s-conjugate. Since the poly- 
nomial ttqtTs divides 7r~(sA), and since 7rc,.(A)C°(s : A) is holomorphic at Aq it 
follows from the Leibniz rule that this expression can be further rewritten as 
a finite sum of terms of the form 

(10.4) 99^n[^o(A)(95(A)|V)]A=Ao 

where ip £ °C and u G ^(a*). Finally, since ttq divides vr, the following 

lemma shows that there exists u' G <S'(aq) such that (10.4) takes the form 

ip 1-^ u'[-iT{X){ip{X)\il))]\=\g, which is as desired in (10.2). □ 

Let IIii denote the set of polynomials on a*c which are products of func- 
tions of the form A i-^ A) + c with ^ G a* \ {0} and c G R. 

Lemma 10.5. Let p G IIr. There exists for each u G 5'(a*), an element 
u' G 5'(aq) such that u'{pip){0) = uip{0) for all germs if at of holomorphic 
functions on a^c- 
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Proof. We may assume that the degree of p is one. Then p{X) = A) + 
p{0) for some nonzero ^ G a*. The case that p{0) = is covered by [5, Lemma 
1.7 (i)]. Thus, we may assume that p{0) = 1. Let ^' = UitO- Then C'p = 1, 
when ^' is considered as a constant coefficient differential operator acting on 
the function p. By hnearity we may assume that u is of the form u = u"^'^ with 
A; G N and u" G S{i'^). Let u' = Ef=o(-l)''"*ir^''- ^ simple calculation 
with the Leibniz rule shows that u'{pip){{)) = uip{0), as desired. □ 

Corollary 10.6. The Paley-Wiener spaces PW(X: r) in Definition 3.4 
and in [4, Def. 21.6], are identical, and both are equal to J^{C^{X: r))). 

Proof. In view of (9.7), it is immediate from Lemmas 10.3 and 10.4 that 
the space PW{X: r) of [4] is identical to the space denoted PW{X: r)~ in 
Remark 3.9. According to that remark, it follows from Theorem 3.6 that this 
space is equal to PW{X : r) as well as to J^{C^{X it)). □ 
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